Patients long time waiting is the most significant problem in Chinese outpatient, and the inadequate service level, as one of main factors, causes the medical error and outpatient overcrowding. This paper derives a multi-type queuing network model to help managers increase service efficiency and improve patient satisfaction based on Chinese current outpatient condition. One of this model's characteristics is capturing different patient types who pass through the system in different service routes. The other unique thing is taking the outpatient service process as a whole queuing network with multi-type patients, not a simple tandem queuing network. Only by the external arrival rate, the arrival rate of each service node can be calculated in order to obtain the system operation indicators including server utilization, waiting time and patient number in queue and system as the service targets, in this way, the hospital manager can clarify the current outpatient operation and promote the situation by modifying the server number. Results from one actual case are used to demonstrate the methodology. This multi-type queuing network analysis method can assist to organize the server resource more effectively in the status of limited resource and excessive demand, and can be an important innovation in hospital management.
INTRODUCTION
There is a serious queuing phenomenon in Chinese health care due to the inadequate resource of health care and the high demand for health care, typically in the outpatient. Patient arrivals in the outpatient cannot be scheduled or controlled significantly because fewer patients choose to make an appointment with doctors in China. The unique characteristic in Chinese outpatient is "three-long and one-short" (long-time queuing for the registration and paying, long-time waiting for doctors' consultation, long-time waiting for the examination and short-time doctors' consultation), commonly in the outpatient of Chinese large general hospitals [1] . During the whole process of medical service, the average waiting time in the outpatient is 1-1.5 hours in general, whereas the doctor's diagnosis time is only 10-15 minutes. Patients spend a lot of time on non-medical activities [2] . This phenomenon leads to three social issues: (1) The patient satisfaction decreases obviously because patients with physical discomfort spend hours in crowded waiting room to see a doctor, and patients take the risk of worsening their condition and security in the crowd [3] ; (2) The staff endures the overloading work stress, which decreases their work efficiency, quality and makes them more susceptible to medical errors [4] ; (3) The deterioration in relations between patients and staff results in more dispute easily, even the adverse event of hurting medical staff by patients. The medical problems occurring in China have been intensified with more medical disputes between medical staff and patients [5] .
Health care managers face a challenging task to organize the resource more effectively and efficiently in the state of limited medical resources and the excess demand. Patients certainly hope to wait in the outpatient as short a time as possible and to improve their satisfaction by increasing the capacity of the service facility. On the other hand, the managers desire to use the resource as lest as possible and to meet the patients need effectively. The key of this problem compromises between excessive need and limited resource. The common methods to solve this problem, including Business Process Reengineering, Six Sigma and Lean Thinking, are used in the process design or the case analysis, so this kind of method only analyzes the specific process in special context. In addition, the simulation model as a usual method also can describe the complex dynamic behavior as accurately as the queuing model, but the drawbacks of simulation are the extensive data and the prohibitive expense associated with such data collection [6, 7] . Therefore, the queuing theory has advantages in dynamic behavior description and data collection compared with other methods. The approach of queuing theory, based on mathematical models, can successfully address the problems in health care system and assist the hospital manager to make decisions. The queuing theory can simulate the actual structure and behavior scientifically, access the optimal evaluation, meet the needs of patients to the greatest extent, and find a balance point between service quality and service cost so as to achieve the maximum economic interests and social benefits [8, 9] .
Most of the queuing theory researches in health care modeled the health care system as a single server node and studied each service node within the outpatient process in separation. Queuing network models are less common and the majority of queuing network models in health care is for limited networks such as a tandem queuing network that the patients are entered each service node in the same order, not considering the different type of patients who visit service nodes in different orders. The purpose of this paper is to establish a multi-type queuing network model. Each type represents a different patient type who visits service nodes in one order. The model contains all the service nodes in the whole outpatient process and then to allocate the number of servers in the outpatient resource, based on the queuing network theory.
The remainder of the paper is organized as follows. Section 2 presents a literature review of the research on the outpatient with the queuing theory and points out the difference between Chinese and foreign researches. Combined with the actual situation of Chinese outpatient, Section 3 sets up a multi-type queuing network model and introduces how four different kinds of patients are routed in the model. Section 4 defines the mathematical methodology of the model to evaluate the operation indicators of each node in the outpatient. Section 5 presents a case study in the use of the mathematical methodology to complete the optimizing allocation of server number. Section 6 concludes that the queuing network model conforms to the actual demand for Chinese hospital service and proposes the limitations for future improvement.
LITERATURE REVIEW
The crowded phenomenon in the health care of most countries in the world happens more seriously and prevalently, deserving more immediate attention. In recent years, the queuing theory is introduced into the field of medical service and combined with the information system, which become the practical solution to tackle the queuing problem and relieve the crowd in health care. The queuing theory has its advantage in producing the simple models especially for the application of less random data. It is easy to construct a queuing model for a large general hospital [10] . The queuing theory also can be applied for the rapid evaluation and the comparison among various alternatives. Consequently, the queuing model becomes a powerful tool for the outpatient research. Queuing theory can solve the basic problem of maximum capacity to associate with a specific service standard in the health care, allocate rationally and effectively various service resources like facility, staff, space etc., and choose the priority queuing discipline to determine service order among patients [11] . Therefore, queuing theory is widely used in the academic research and practical application on the service system.
The service process of foreign outpatients has a significant difference with Chinese outpatient process. In the foreign outpatients, there is almost no queuing phenomenon because most foreign outpatients provide the reservation system for the patients. For this reason, the queuing theory in foreign researches is mostly applied in the emergency, inpatient, operating room and other departments. Mehandiratta [12] studied the application of queuing theory in the medical system and presented its efficiency in the inpatient, office, public health, emergency preparedness, long-term care and so on. Fomundam and Herrmann [13] analyzed the medical resource allocation based on the queuing theory and summarized the contribution of queuing theory in the health care. Cochran and Roche [14] derived an open queuing network model of an emergency department design intended to increase the capacity of emergency department to treat patients according to the patient acuity, arrival patterns and volumes. Yankovic and Green [15] represented the nursing system as a variable finite-source queuing model and developed a reliable, tractable, easily parameterized twodimensional model to approximate the actual interdependent dynamics of bed occupancy levels and demands for nursing.
Among Chinese researches on outpatient service problems with the queuing theory, a part of the researches looked upon the outpatient process as a tandem queuing network that the patients entered each service node orderly within the outpatient, not considering the state that some patients visit some nodes repeatedly. Mi [16] and Feng [17] both researched the outpatient queuing network according to the registration, diagnosis, paying and taking medicine in sequence, only once visit on one node. Another part of the Chinese literatures studied each service node within the outpatient process in separation and analyzed the queuing indicators of each node respectively. Chang et al. [18] and Zhou [19] studied the service efficiency of outpatient registration and cashier separately with the queuing theory. In contrast, this paper takes the outpatient service process as a whole queuing network and calculates the performance metrics of each node only by the external arrival rate of patients. This paper also considers the different types of patients accepting the different service orders and focuses on the reciprocating movement of patients among the service nodes in line with the actual outpatient circumstance.
OUTPATIENT PROCESS DESCRIPTION
The general service process in Chinese outpatient consists of five service nodes: registration, consulting room, cashier, laboratory and pharmacy (including the injected patients those go to the pharmacy to take the injection). These five nodes are assigned from 1 to 5, and 0 means to leaving from the outpatient. Fig. (1) . Outpatient process network (r t ij represents the probability of patient-flow from node i to node j for patient type t).
As shown in Fig. (1) , all the patients arrive at the registration firstly, and then go to the consulting room to see the doctor. After the doctor knows about the patient condition preliminarily, one parts of patients can be diagnosed directly, those the doctor regards to get the mild disease. They can continue to go to the cashier to pay with the doctor's prescription, get the medicine in the pharmacy and leave the outpatient finally. This kind of patients is set for Type I. There are also a few special cases in this part of patients. Sometimes, they do not need any treatment after the doctor's diagnosis and leave directly, or they are not willing to accept the doctor's prescription and leave. Type II is for such patients.
Another part of patients' condition is more complex, and the doctor needs more accurate examination to diagnose for this kind of patients. So the doctor asks patients to do some inspection. The patient goes to the cashier to pay the inspection item firstly, and then the patient continues to reach the laboratory to check up like blood test, X-ray, B ultrasonic, electrocardiogram, radiography, etc. After obtaining the inspection report, the patient returns to the consulting room. The doctor makes the relatively accurate diagnosis for the patient combing with his examination result. Typically, this kind of patients goes to the cashier again after the doctor's diagnosis, takes the medicine in the pharmacy and leaves the outpatient finally. This kind of patients is set for Type III. Although a few patients also accept the initial diagnosis from the doctor, they change their mind to give up the further treatment or not agree with this doctor's diagnosis for some reason and leave the outpatient at last. Type IV is for such patients. Here, the patients need to be hospitalized are regarded as leaving from the outpatient service system. 
MATHEMATICAL METHODOLOGY
Queuing network is composed of several random queue systems, mostly limited and single queue systems. Different types of customers pass through the network in different ways or routes and are served by the service nodes within the network. A queuing network includes a set of nodes (i). Each node has a number of servers (c) and a single node can be regarded as a queuing system. Customers can access to the queuing network from any node. The arrival rate from the outside is γ and the arrival rate of Node i is λ i . After the customer queues and gets the service at a certain node (the service rate of Node i is μ i ), he can leave this network or go to another node, or even return to the original node. In the outpatient, the patient's arrival, wait, consultation and leaving can be viewed as a queuing network system. Fig. (2) displays the methodology to analyze the outpatient process, to establish service quality by the performance indicators (server utilization ρ, the idle probability of staff P 0 , queue length L q , customer number in the system L s , waiting time in queue W q and system W s ) and to modify the server number (c) to meet an acceptable service level.
Primary Data Analysis
After collecting primary data elements, it is necessary to make the following assumptions of arrival time, service time, server arrangement, customer resource, and service rule for the queuing network model.
Collect Data Elements
Calculate Arrival Rate of Each Node
Establish Service Quality with Queuing Indicators All Needs Met?
Modify Servers Number
Arrival time distribution: patients those arrive at the outpatient from the outside usually go to the registration 1.
first, then to see the doctor. In this process, the arrival time of each patient among disjoint time intervals is independent of each other, and only one patient can reach at any instant, being of the stability. In consequent, most previous researches regarded that the arrival time of patients conformed to Poisson distribution [20] . The distribution of primary data also can be proved by goodness-of-fit testing (χ 2 hypothesis test). According to one of characteristics of the queuing network, the actual input of one node is the sum of arriving customers from the external network and other nodes within the network. A group of customers from one node will be split into several parts, and then, they enter into other nodes respectively or leave the network system directly. This merger or split of customers usually changes the input distribution of each node. However, if the external arrival process of all nodes is Poisson distribution, the type of distribution will remain during the merge or split, only the parameter change of Poisson distribution [21] . Therefore, if the external arrival process can be validated to be the Poisson distribution, the arrival process to other node can be also regarded as the Poisson distribution. Service time distribution: patients pass through each node in turn, all service time is independent of each other 2.
following the Exponential distribution, which also can be proved by χ 2 test. Server arrangement: several servers for patients will be arranged on every node at usual, so the queuing system 3.
on each node is treated as a system of multiple servers in parallel. Capacity: the outpatient never stops patients to be served in general. The situation, that patients are restricted to 4.
entering into the outpatient due to excess number, rarely occurs. The service capacity of the queuing system is taken as infinite. Amount of resource: all patients in the outpatient are customer source of this queuing system, so patient resource 5.
in the outpatient can be viewed as infinite. Queuing discipline: queuing discipline is usually first come first served in the outpatient. 6.
Calculate Arrival Rate of Each Node
How to calculate the arrival rate of all nodes should be considered after the primary data analysis. In a queuing network with k nodes, there are c i servers on each node i (i=1,2,…,k). The service time on individual customer is exponentially distributed, and the average service rate is μ i . Customers arrive at Node i from the outside at the rate γ i . The arrival process from the outside is Poisson distribution and the arrival rate of each node is λ i . When a customer finishes his service in Node i, he enters another node j (j=1,2,…,k) and leaves the network system at the probability r ij . All the service nodes can contain an unlimited number of customers. The probability of the customer transferring from one node to another has been unrelated to the service process or the servers in other nodes when this customer has been served. Such a queuing network is called Jackson queuing network. If the customers from the outside system are allowed to enter the network system and to leave the system at any moment, this network system is an open Jackson queuing network system. The rule of network path {r ij , i (i=1,2,…,k); j (j=1,2,…,k)} in Jackson queuing network conforms to
The calculation method of an open Jackson queuing system is to determine the arrival rate of customers in each node firstly, and then to process each node in accordance with an independent M/M/c queuing system (M/M/c represents a queuing system with the arrival process of Poisson distribution, the service time of Exponential distribution and c servers). The arrival rate of customers on every node should be equal to the leaving rate in a stable system. The arrival rate of one node should be equal to the sum of the external arrival rate from the outside system and internal arrival rate from other nodes [22] . Therefore, the arrival rate of each node λ i is calculated by Equation (1).
(1)
Most of previous queuing network researchers in health care only consider that the patients are entered each service node in the same order, so they take a tandem outpatient queuing network as an open Jackson queuing network and apply Equation (1) to solve the arrival rate of each node. The outpatient system researched in this paper does not conform to a Jackson queuing network because both Type II and Type IV patients return to the previous visited nodes, through the consulting room twice as shown in Fig. (2) . This condition does not conform one of Jackson queuing network conditions: the probability of the customer transferring from one node to another has been unrelated to the service process and the server in other nodes when this customer has been served. To solve this kind of queuing network, firstly, it needs to be simulated or approximated a Jackson queuing network. It is assumed that the arrival rate is doubled; the random routes in the network are approximated several fixed routes to obtain the transition probability matrix of the network system. To calculate the arrival rate of each node, the product is firstly calculated between the times one route through this node and the external input rate of this route, secondly, sum the product of each route [23] . For instance, one queuing network system with k nodes is approximated n fixed routes. If γ mi is the external arrival rate of Route m on Node i and η mi is the times Route m through Node i, the total arrival rate of Node i is calculated by Equation (2).
(2)
Using Equation (2), the total arrival rate to one node in this kind of queuing network can be obtained.
As shown in Fig. (1) , there are four fixed routes, namely four types of patients:
Type II: 1-2 Type III: 1-2-3-4-2-3-5
Type IV: 1-2-3-4-2
Here, 1 to 5 represents five service nodes separately. Table 1 shows the times each route through each node and the equation of total arrival rate to each node. 
Establish Service Quality
As is known from the primary data analysis in Section 4.1, the small service system on each node in the outpatient is still equivalent to an M/M/c queuing system, because of the independent arrival process following Poisson distribution, the independent service time following Exponential distribution, c i servers on Node i, infinite patient resource, unlimited capacity in the system and first come first served queuing discipline. Table 2 demonstrates the main parameters to measure the system performance and their calculated formulas as an M/M/c queue system. The patients take a concern of patient number in queue (L q ) and in the system (L s ), waiting time in queue (W q ) and in the system (W s ). The staffs mainly care about their idle proportion (P 0 ). The managers of hospitals focus on not only the issues both patients and staffs concern but also server utilization. They need to consider the queuing system design and control after the performance analysis of current queuing system. These performance metrics can reflect the current status of the queuing system directly and provide a clear reference for the managers to adjust and control the system further. A high effectiveness of service will be provided for patients as the manager desire. The other performance metrics may be considered in future research. 
CASE STUDY
The primary data is collected from one large general hospital in Tianjin. The main data elements are observed and recorded in the field including the patient arrival time at the registration and the service time of five service nodes. 
Primary Data Analysis
The arrival process, that patients arrive at the registration in working hours (8 hours) of one day, is observed randomly. There are almost no patients arriving in the outpatient over the last working hour of the afternoon, hence, so the real observed time is totally 7 hours (420 minutes) and the total number of arrival patients is 1 120 during this time. The arrival number per minute is recorded shown in Table 3 to calculate the minutely arrivals to the registration from the outside (γ=2.667 patients/min).
Considered patients actual arriving situation at the outpatient, 420 samples are divided into 9 intervals. χ o 2 =11.567 is obtained by calculating the expected frequency and count (see Table 3 ). [6] . service time from the registration, and get the average service rate μ 1 =1.397 persons per minute, then process Exponential distribution of goodness of fit test. H 0 is assumed that the service process on the registration follows the Exponential distribution, Divide 103 samples into 5 intervals, and get the critical value χ 2 0 =4.303 (see Table 4 ). It is known that χ 2 0.05 (3) =7.815 at the 5% significant level and the degree of freedom 3, larger than χ 2 o . Therefore, H 0 is not rejected. The service time at the registration is Exponential distribution. Similarly, the service time on other nodes is testified to be Exponential distribution in the same way. The test results prove the service process of each node all follow the Exponential distribution (see Appendix). The service parameter of each node is summarized in Table 6 . 
Calculate Arrival Rate of Each Node
According to the information system of this hospital, patient proportion of every type in the population (i.e. the patient percentage of each route) is collected from previous data statistics. The external arrival rate of each route (γ m ) is obtained based on the patient proportion as shown in Table 5 . The arrival rate of each node (λ i ) is calculated by the equation set in Table 1 . The input parameters of each node including arrival rate, service rate and server number are concluded in Table 6 .
Establish Service Quality
To establish service quality of current outpatient performance, the operation indicators of the queuing system are calculated on basis of the formulas in Table 2 by Matlab software. Matlab is an interactive software system for numerical calculation with a powerful data analysis such as dynamic system model, simulation and statistical analysis. This paper writes the corresponding program to the parameter in a standard M/M/c model by Matlab Software and makes statistical analysis with primary data collected in the field to validate the effectiveness of the model. The calculated results are listed in Table 7 . Table 7 illustrates that the service system is not quite smooth from the view of the whole outpatient, and the service strength of each node is dramatically high. There is no free time for the staff on consulting room and laboratory node in term of the idle probability. The working pressure and strength of staff are both extraordinary high. The total patient number in queue and system separately reaches 11.378 and 65.449 persons per minute; and the total waiting time of one patient in queue and system reaches 6.287 and 24.076 minutes respectively.
From the view of one single node, the service condition on some nodes is reasonable, while the service status on other nodes is very terrible, such as consulting room, laboratory and pharmacy. In comparison to other nodes, Node 4 (laboratory) with ten servers at post produces inferior performance with the highest server utilization (ρ=0.910) and no idle time (P 0 =0.000) for the staff. For the patients, queue length (L q =7.015), waiting time in queue (W q =4.625) and waiting time in the system (W s =10.625) on Node 4 are all the highest among the nodes. Node 1 (registration) with 3 servers at post provides relatively optimal performance of the system with the lowest server utilization (ρ=0.636) and the biggest idle probability of staff (P 0 =0.126). At the same time, patients number in the system (L s =2.614), waiting time in queue (W q =0.264) and waiting time in the system (W s =0.980) are all the lowest compared with other nodes. The indicators shown in Table 7 reflect a inappropriate operation status. For the patients, they need to visit the nodes back and forth in the outpatient and repeat to queue, under the condition of many waiting patients and much waiting time. If the patient needs the examination, he will stay in the outpatient for a considerable long time. For the staff, they need to continue working with the higher strength and little idle time. Under this situation with irritable patients and exhausted staff, it can well be imagined how difficult the relationship is between doctors and patients and how dissatisfied patients and staff are in this severe environment.
Modify Servers Number
To make an appropriate service process in the outpatient, there are two common measures to promote the service efficiency and quality. One way is to increase the service rate of the staff. This approach, based on traditional industrial engineering theory, can analyze the movement of employees through the qualitative and quantitative analysis, eliminate unnecessary and unreasonable action, make the most rational action and action sequence, and achieve the operation standardization. This approach is out of the scope of this research. This paper mainly studies another method to improve performance metrics by increasing the number of server desks [24] .
To get a proper server number, the performance indicators can be as a series of variable function. In the queue model M/M/c, L q is a function of c, ρ and p 0 , while p 0 is also a function of, ρ, λ and μ. So the function is too complicated to use the derivation method to calculate the proper c. In order to understand the influence of server number change on the queuing system, Node 5 is taken as an example. Fig. (3) and Fig. (4) demonstrate the extremely marginal changes for Node 5 with respect to patient number and waiting time in queue and system. Two aspects with this method should be considered simultaneously: one is the effect on the patients; the other one is the influence on the hospital. It is necessary to consider whether to satisfy the patients and whether to make the hospital to accept the change [25] . An optimal system performance is important for sustainability.
As shown in Fig. (3) and Fig. (4) , when the server number is increased from four to five on Node 5, the performance indicators are greatly improved to some extent. The patient number in queue (L q ) drops from 5.518 with four doctors to 3.693 with five doctors, while the patient number in the system (L s ) drops from 2.328 to 0.503. Similarly, the time in the system (W s ) and waiting time in queue (W q ) decrease to 1.666 and 0.227 respectively. In addition, the server utilization (ρ) 0.797 on Node 5 with four servers changes to 0.638 with five servers. The idle probability of staff is changed from 0.028 to 0.038. This means that patients spend less time in the queue and the system utilization becomes better. However, after the number of service desk increases to six, the performance improvement is not obvious. In other words when the number of servers is below a certain threshold, an outpatient can develop the performance by increasing the server number, whereas when it is slightly above this threshold, the performance has no change despite of the server increase [26] . Therefore, increasing one server to reach five servers for Node 5 is the optimal solution in this condition.
It is not only can improve the satisfaction of patients in the outpatient, but also can increase the service efficiency. Fig. (3) . Change of patient number in queue and in the system. Fig. (4) . Change of time in the system and waiting time in queue.
CONCLUSION
To sum up, this paper presents a new multi-type open queuing network model for outpatient process to guide the hospital manager decision corresponding to the actual demand in the outpatient. From a methodological perspective, this model is unique in taking the outpatient service process as a whole queuing network and considering the different patient types with different service orders among the service nodes. From a practical perspective, this quantitative model optimizes the allocation of server resources not only to increase patient satisfaction but also to improve the service efficiency on the occasion of limited resource and excessive demand. The adoption of queuing methodology can be important innovation in hospital management.
The limitation of this study is not considering the significantly difference in consulting room of different departments. For example, the patient number in the surgical department is usually larger than other departments in a general hospital. Although the servers on the nodes like registration or casher are almost the same, it is not rational to take various departments as several same servers. It will be considered that the various departments are taken as several single servers in parallel in the future research so that the analysis will be more accurate. The other limitation of this study is also not considering the differences in the average arrival rate of patients in different time ranges. The future work should consider regulating the service resource with real-time control so as to adapt to the patient demand change in practice. 
APPENDIX
The collected primary service time and χ 2 test statistics for other service nodes except for the registration are listed from Table A 
